We study in this paper the phase transition in superlattices formed by alternate magnetic and ferroelectric layers, by the use of Monte Carlo simulation. We study effects of temperature, external magnetic and electric fields, magnetoelectric coupling at the interface on the phase transition. Magnetic layers in this work are modeled as thin films of simple cubic lattice with Heisenberg spins. Electrical polarizations of ±1 are assigned at simple cubic lattice sites in the ferroelectric layers. The transition temperature, the layer magnetizations, the layer polarizations, the susceptibility, the internal energy, the interface magnetization and polarization are calculated. The layer magnetizations and polarizations as functions of temperature are shown for various coupling interactions and field values. Mean-field theory is also presented and compared to MC results.
The study of phase transitions, surface effects and critical phenomena in superlattices or multilayered magnetic nanofilms has been rapidly developed during the last two decades (see reviews [1] [2] [3] [4] [5] ). Such high interest in this area was stimulated by the fact that superlattices of nanofilm and multiferroics possess a number of unique properties which have a broad area of applications in nanoelectronics, spintronics 2,6-11 and devices using the giant magnetoresistance phenomenon 1, 3, 12 .
With modern technologies it is possible to create superlattices and multilayer nanofilms as thin as a few atomic layers from the crystal structures with magnetic and ferroelectric orderings. These structures are able to manifest magnetoelectric effects which are known to be the result of interactions between magnetic and ferroelectric subsystems. It should be noted that the study of magnetoelectric effects in these systems draws a great fundamental interest for their special features, such as size dependence of magnetic and ferroelectric order parameters and other characteristics 6, 7, 13, 14 . For example, it has been shown that the change from the bulk values for films of a few dozens of monolayers (d ≥ 10 nm) to the two-dimensional values for films thinner than 4-6 monolayers (d ≤ (1 − 2) nm) 3, 13 .
In Ref. 15 it was shown that in heterostructures with magnetic and ferroelectric materials, the magnetoelectric effect induced by an external electric field is observed at the interface layer. This effect is accompanied by the appearance of an antiferromagnetic phase at the interface as well as with the change in the critical temperature of the magnetic layer. On theoretical points of view, one of the most studied systems for the layered magnetic structure was concentrated on the magnetic properties of magnetic bilayer 21 . Wei Wang et al. 22 have studied a ferrimagnetic mixed spin (1/2, 1) Ising double layer superlattice: they have shown the effects of the exchange coupling and the layer thickness on the compensation behavior and magnetic properties of the system, by MC simulation. Some interesting phe- In the present paper, we will thus study the effects of the magnetoelectric coupling and the external magnetic and electric fields on the magnetic properties of the multiferroic superlattice shown in Fig. 1 . are occupied by interacting polarizations P = ±1 along the z axis. Our system thus consists
This has been observed experimentally in La
We assume periodic boundary conditions in all directions to reduce surface effects. We assume interactions between ferroelectric and magnetic systems at their interfaces. The Hamiltonian of the system is defined as follows:
The first term is the Hamiltonian of the magnetic subsystem, the second -of the ferroelectric subsystem, the third term is the Hamiltonian of their interaction. We assume
here J m ij > 0 characterizes the ferromagnetic interaction between one spin and its nearest neighbors (NN). We consider it to be the same for NN within a layer and NN in adjacent where P i is the polarization along the z axis at the i-th site assumed to have only two values ±1 (Ising-like model), J f ij > 0 denotes the NN ferroelectric interaction, similar for all NN. E z > 0 is the external electric field applied along the +z axis perpendicular to the plane of the layers.
The magnetic interface layer creates at a site k of the ferroelectric interface an effective field H(k) along z axis which is
so that the energy of interface magnetoelectric interaction of the polarization at the site k can be written as
In this expression J mf 1 is the interaction parameter between the electric polarization component P k at the interface ferroelectric layer and its NN spin on the adjacent magnetic layer. Note that the interface coupling described by Eq. (5) is a scalar spin field acting on an electric polarization. Later, in section IV we will suppose another form for the coupling: a scalar polarization field acting on the z spin component. ii) if they are negative, then spins are antiparallel to polarizations in the GS.
The complicated case occurs when J mf 1 and J mf 2 have opposite signs. In this case, there is a competition between them which gives rise to some degree of frustration. For example, when J mf 1 > 0 and J mf 2 < 0 we have the situation where NN interaction wants S and P to be parallel, while the NNN interaction wants them to be antiparallel. Depending on their respective amplitudes, one configuration wins over the others.
Let us write the GS energy of a spin at the interface in zero fields
where the coordination numbers are Z 1 = 4, Z 2 = 1, Z 3 = 4 for a simple cubic lattice.
For J mf 1 < 0, the four spin configurations (see Fig. 3 )
where E 1 is the energy of the state where all spins are down, all polarizations are up with J mf 2 < 0 (Fig. 3a) . Other energies correspond to the spin configurations shown in The state E 1 is chosen if
Solving these inequalities we have
namely,
Now we suppose J mf 2 > 0 then the GS will change to E 2 . The critical value of J mf 2 and J mf 1 are determined by solving
We have
The GS is E 3 if we have
We get
or
In MC simulations shown below, care should be taken to choose the right GS according to values and signs of the interface interactions to avoid metastable states at low temperatures (T ).
Note that we have taken J mf 1 < 0 in the above spin configurations. This is intended to have spins antiparallel to the magnetic field applied in the +z direction so as to have a phase transition at a temperature with a finite field. For MC simulation we perform the cooling from the disordered phase: electrical polarizations of ±1 are randomly assigned at lattice sites in the ferroelectric layers, in the z direction.
In the ferromagnetic layers spins with | S| = 1 are also randomly assigned in any direction, following in the spatial uniform distribution. At each T , new random S i and P i were chosen, and the energy difference caused by this change is calculated. This change is accepted or rejected according to the Metropolis algorithm. In order to ensure the convergence of the observables, the lattice is swept 100000 times, where each time is considered as one MC step (MCS) that can be taken as the time scale of simulations. The observables of interest such as the averages of layer electric polarizations P , and layer magnetization M , are calculated over the following 50000 MCS. These quantities are defined as
where ... is the time average, and the sums on i and j are performed over the lattice sites belonging to the ferroelectric layer n and the lattice sites belonging to the magnetic layer m, respectively. The process is repeated for a lower T down to the desirable lowest one. We also perform the heating, starting from the GS spin configuration.
A. Zero fields
Monte Carlo results for energy, magnetization and polarization and their susceptibilities obtained by heating the system from the initial spin configuration of GS energy E 1 are shown in Fig. 4 . Of course, starting from different initial spin configurations which are not the GS will lead to the same thermodynamic equilibrium but the equilibrating time is longer in particular at low T .
MC results for energy, magnetization and polarization and their susceptibilities obtained by heating the initial spin configurations of energy E 2 are shown in Fig. 5 . For E 3 , the results are qualitatively similar (not shown). respectively.
The above figures show that the energy and other physical quantities well behave at low T (no metastability) if we choose the correct GS according to the interface interaction. Note that the ferroelectric films undergo a phase transition at a temperature higher than that of the magnetic films. This is due to the Ising-like nature of the ferroelectric polarizations (in the bulk, the transition temperature is inversely proportional to N , the spin components, ∼ 1/N ). Also, the interface layers have lightly smaller order parameter than those inside the films. parameters. We can see that in this case the magnetic subsystem does not undergo a phase transition as a ferromagnet in a field. On the contrary, there is a second-order transition for ferroelectric layers at T c 1.84.
With increasing J mf , the system undergoes a first-order transitions. Fig. 8 shows the total magnetization M and susceptibility versus T for several values of J mf in the cross-over region from second to first order. The second-order phase transitions starts at J mf = 0 with T c ≈ 2.456, it decreases as J mf increases.
We show in Fig. 9 the case of J mf = −9.5 where one can observe a discontinuity at the transition temperature T c 3.45 for the interface magnetic layer and T c 3.49 for the interface ferroelectric layer. Only layer 1 and 4 for magnetic and ferroelectric systems have a phase transition. Their order parameters strongly fall down at the transition temperature. This result is confirmed by several independent simulations. We calculate the transition temperature as a function of J mf . We keep J mf constant, change the temperature and we take the transition temperature at the peak of the magnetic and ferroelectric susceptibility χ. Note that for the strong interface coupling J mf = −9.5, the interface order (black and blue curves in Fig. 9b ) is so strong that it acts on the interior layer as an external field which does not allow the interior layer order parameter to go to zero: as a consequence, the interior layer undergoes only a smooth change of curvature at T 1.5 and falls to zero with the interface magnetic layer at T c 3.45 (see red curve in Fig. 9b ).
The results for the transition temperature T c are shown in Fig. 10 as a function of J mf .
One can see that the transition temperature increases when we increase the values of |J mf |. T c has a maximum at J mf = −8.5. The second-order phase transition starts at J mf = 0 and becomes a first-order phase transition below J mf = −9 (see Fig. 9 for J mf = −9.5). 
IV. ANOTHER MODEL OF INTERFACE INTERACTION
Let us show some results for the another model of magnetoelectric interaction given in the form
We show in With an increase of the magnetoelectric interaction J mf between the magnetic and ferroelectric subsystems, an unusual phenomenon is observed: the interface layers after J mf = −3.5 undergo phase transitions of the first order. Note that in the model considered at the beginning of this article this occurs at large values of J mf = −9.5. This is shown in Fig. 12a for the magnetic subsystem and in the inset for the ferroelectric layers.
For the inner layers of the magnetic subsystem, as the parameter J mf increases, the type of transition changes (Fig. 12b ).
Phase diagram in Fig. 13a shows the effect of J mf on the transition temperature of the interface magnetic and ferroelectric layers. One can see that the transition temperature increases as the absolute value of J mf increases. At J mf = −3 and below the transition temperatures for the magnetic and ferroelectric layers become distinct.
Phase diagram in Fig. 13b shows the effect of the external electric field E on the transition temperature of the interface magnetic and ferroelectric layers. One finds that the transition temperature is almost unchanged when we increase E z up to E z = 0.5. For large values of |J mf | (J mf − 3) the transition temperature is not sensitive to E z . Figure 11 shows the effect of the competition between the magnetoelectric interaction and the external electric field. With moderate magnetoelectric interaction (J mf = −2.5), we can remark that the interface ferroelectric layer undergoes a second-order phase transition at T c = 1.77, the magnetic layers undergo a second-order phase transition at T c = 1.64. When we include an external electric field, both subsystems undergo a first-order phase transition at the same temperature T c = 1.5.
If the magnetoelectric interaction has a large value and the external electric field is zero, we have seen above that the interface magnetic and ferroelectric layers undergo a first-order phase transition. The inner magnetic layer undergoes a second-order phase transition while the internal ferroelectric layers are not subject to a phase transition. Now if we apply an electric field for instance E z = 0.5, the inner ferroelectric layers undergo a second-order phase transition (not shown).
To conclude this section, let us emphasize that beyond the two models for interface coupling studied above, the Dzyaloshinskii-Moriya interface interaction of the form J mf P k · ( S i × S j ) may induce unexpected phenomena at the magneto-ferroelectric interface 28, 29 . Work is under way to investigate this coupling model. 
V. MEAN-FIELD THEORY
Let us show some analytical results obtained by us using the mean-field (MF) theory for the Hamiltonian
where
We consider the spin at the site i and ferroelectric polarization at the site l. We can write their local fields from the NN as
where for notation convenience we write P z instead of P .
We choose the z axis for the spin quantization axis. The average value of the xy spin components are then zero since the spin precesses circularly around the z axis:
where the partition function is
We obtain
here B S (βSH) is the Brillouin function defined by
If H z is very weak, we can suppose that ∆S z → 0 and in such a case we can expand the Brillouin function near
At high temperature β S z 1 and
The previous equation becomes
This equation has a solution S z = 0 only if
for H l we can write in the same manner the MF equations, and one can obtain for
where B P (βPH 2 ) is the Brillouin function defined by
In zero applied electric field we can write
here
At high temperature, P z = P B P (y 0 ) becomes Figure 14 shows the effect of the magnetoelectric interaction on the temperature dependence of the polarization and the magnetization, for both the interface and the inner layer. In the MF theory, the magnetization and ferroelectric polarization coincide if their amplitudes are the same. This is because the xy spin components are neglected, making
Heisenberg spins S equivalent to Ising spins P .
If we compare Figs. 14 and 4-6 one can see an agreement between MC and MF theory that the interface order parameter depends strongly on the interface coupling and have different value from that of the interior layers.
If we take |P | = 1.5 we see different transition temperatures for magnetic and ferroelectric films as seen in Figure 15 .
VI. CONCLUSION
We have studied in this paper the effects of the temperature, external magnetic and electric fields, the magnetoelectric coupling in a multiferroic superlattice formed by alternating magnetic and ferroelectric films. Magnetic films in this work were modeled as films of simple cubic lattice with Heisenberg spins. Electrical polarizations of values ±1 were assigned at each lattice site in the ferroelectric films.
We have studied these superlattices with MC simulations and with a MF theory. Various The interface magnetic and ferroelectric layers have distinct behaviors compared to the inner layers. This is known when there is a loss of translation invariance such as the presence of an impurity, a surface or an interface.
We have worked out a laborious mean-field formalism for superlattices. The application of this in this paper was intentionally limited, but there are wider applications in many system geometries and in various interacting films such as ferri-electric superlattices and frustrated superlattices which have not been considered here.
To conclude, let us emphasize that we have studied in this work two models for interface coupling. Other models of interface magneto-ferroelectric coupling such as the Dzyaloshinskii-Moriya interaction may induce unexpected phenomena at the magnetoferroelectric interface. Work is under way to investigate this coupling model.
